We know that quantum logics are the most prominent logical systems associated to the lattices of closed Hilbert subspaces. But what does it happen if, following a quantum computing perspective, we want to associate a logic to the process of quantum registers measurements? This paper gives an answer to this question, and, quite surprising, shows that such a logic is nothing else that the standard propositional intuitionistic logic.
2 of 10 based on Q. As we know, each quantum register in Reg Q can be represented by an expression of the kind j"2 k ÿ j"1 a jˇei 1 " v j 1 , . . . e i k " v j k D where each v j i P t0, 1u and each a j P C.
32
As a second step let us fix a standard propositional language, where Q is the set of propositional 33 symbols.
34
It is immediate to observe that eachˇˇe i 1 " v j 1 , . . . e i k " v j k D is a standard boolean evaluation of 35 propositional symbols e i 1 , . . . e i k , namely:
36 e i j is true inˇˇe i 1 " v j 1 , . . . e i k " v j k D ô e i j " 1
In order to simplify the notation, given a finite set R " te i 1 , . . . e i k u of qubits, we can represent 37 each elementˇˇe i 1 " v j 1 , . . . e i k " v j k D of the computational basis as a subset C (eventually empty) of R,
38
where e i k P C iff e i k " 1. As a consequence, each quantum register can be represented by an expression 39 of the form ř C i P2 R a i |C i y.
40
The idea is that the truth of a propositional symbol must be stable under measurement, i.e. if e is true in a 41 quantum register |φy " ř a i |C i y iff then each possible measurement 1 of φ returns (probabilistic) a set 42 of new quantum registers in which in turn p is true. Following this intuition we set that e is true in 43 ř C i P2 R a i |C i y iff e is true in each |C i y iff e P C i .
44
The notion truth for a generic formula is therefore given in terms of stability under measurements.
45
Let us consider for example the cases of disjunction and implication:
46
• a formula A _ B is true in a quantum state |ψy iff after every sequence (eventually the empty define a partial ordering ď on S˚as follows: t ď x y for all t P S˚and xn 0 , . . . , n k y ď xm 0 , . . . , m l y if and 72 only if l ď k and n i " m i for all 0 ď i ď l. We denote by ă the associated strict order.
73
A tree T " xT, ďy is a partial order with of T Ď S˚satisfying the property that whenever t P T 74 and t ď s then s P T. Elements of T are called nodes. A leaf is a node with no successors. With E we 75 denote the set of edges of T , namely the set tpα, α˚xnyq : α, α˚xny P T, n P Nu.
76
Given a tree T and s P T, we let T s the tree defined by: s 1 P T s ô s˚s 1 P T. Notice that T x y " T.
77
In the graphical representation of a tree, if i ă j we put t˚xiy to the left of t˚xjy. 
Quantum registers

79
Let P be a denumerable set of propositional symbols and let X be a finite non void subset of P, 80 moreover let F be the set of finite parts of X.
81
Let us consider the Hilbert-space 2 pFq of square summable, F-indexed sequences of complex numbers
equipped with an inner product x. | .y and the euclidean norm }φ} " a xφ|φy.
82
The elements of the set R X " tφ P H X : }φ} " 1u are called q-registers (quantum registers), and 83 represent the superposition states of a quantum system.
84
For any c P F X let |cy : F X Ñ C be the function |cy pdq "
The set CBpXq of all such functions is a Hilbert basis for 2 pFq. In particular, following the literature on 85 quantum computing, CBpFq is called the computational basis of 2 pFq. Each element of the computational 86 basis is called base q-register.
87
Let us assume to fix an enumeration tb i u i of F X . We shall use Dirac notation for the elements φ, ψ 88 of R, writing them |φy , |ψy. As usual, each quantum state |φy is expressible via the computational 89 basis as ř i a i |b i y.
90
In the following, with a little abuse of notation, we will write:
91
• p P |b i y to mean that p P b i ;
92
• and p P ř i a i |b i y to mean that @a j ‰ 0. We introduce now a standard definition of measurements operators in terms of orthogonal 95 projectors.
96
Definition 1. Let P : H X Ñ H X be a linear operator, P is called orthogonal projector iff
With O X we denote the set of orthogonal projectors of H X .
100
Let x P r0, 1s R and P P O X . |ψy Ñ x P |φy means that x " xψ | P | ψy and |φy " We can now introduce our tree models.
107
Definition 3 (Observational Tree). Let X a finite set of propositional symbols. An observational tree is a 108 structure T X " xxT, ďy, p, a, sy where
109
• T " xT, ďy is an abstract tree;
110
• p, a, s are the following labelling functions:
for which some constraints holds. Let us suppose that apαq " pP i q iăk P M, then:
Informally:
121
• p assigns a (correct) probability to each edge;
122
• a assigns to each node a sequence of observations (an element in M), in particular the sequence 123 that generates the current (evaluation of the) state, starting from the root node;
124
• s assigns to each node a quantum register.
125
The following property trivially holds:
126 Proposition 1 (Monotonicity). Let T X " xxT, ďy, p, a, sy an observational tree, then @α P T.p q P spαq ñ @β ď α. q P spβqq Remark 1. In the graphical representation of observation trees we will omit nodes labeled with 0-vectors. 
The logic of observations
128
In this section we semantically define the logic L P of quantum observations. As anticipated in 129 the introduction, we fix the set of propositional symbols to the set of qubit names and we adopt the 130 standard connectives of propositional logic. Formally:
131
Definition 4 (Language of L P ). The language L P of L P is built upon propositional symbols, which we set 132 to P and connectives Ñ,^, _, K.
We also exploit some auxiliary notation. Let us denote with Form P the set of resulting well formed 134 formulas built in the standard way. Given a formula A let we denote with PrAs the set of propositional 135 symbols occurring in A.
136
We define now the semantics of a formula w.r.t. on observational tree.
137
Definition 5 (Semantics). The semantics of a formula A w.r.t to an observational tree T X with X Ě PrAs is 138 defined as:
139
• T X , α ( q iff q P spαq;
Proposition 2. 
151
With T X ( A we mean that @α.T X , α ( A (A is true in T X ). With ( A we mean that
152
@T PrAs .T PrAs ( A (A is valid).
153
It is easy to observe that, given a formula A, the set of propositional symbols is enough to state its 154 satisfiability in a model.
155
Proposition 3. Let A be a formula, then for each X Ě PrAs we have that T X ( A iff T PrAs ( A.
156
We can formally state a relationship between observational trees and Kripke models. In section 3.1
157
we show how to extract a Kripke model from an observation tree. The converse is shown in Section 3.2. 
From observational trees to Kripke models
159
Let T X " xxT, ďy, p, a, sy an observational tree. We associate to T X a Kripke model
, V T y defined in the following way: 
166
The semantics interpretation the Kripke models above defined is standard:
167
Definition 6 (Kripke Semantics). The semantics of a formula A w.r.t to an Kripke Model K T X with X Ě PrAs 168 is defined as:
Moreover, the following proposition holds:
177
Proposition 5. For each formula A, X Ě PrAs and observational model T X " xxT, ďy, p, a, sy and for each 
182
Since for each T X , K T X is a Kripke model, we have trivially that:
183 Corollary 1. , A ñ( A.
184
Corollary 1 shows that ( is a logic that leaves between intuitionistic and classical logic, namely the following set of inclusions hold (| ù is the classic logic notion of truth):
The last inclusion is trivially shown, since we known that classical validity may be formulated with 185 finite models. A finite model is nothing else that a finite set X Ď P, with the clause for propositional 186 symbols X | ù q ô q P X. Given a finite model X " tr 0 , . . . , r n u, we can associate to X the observation 187 tree T where the root is labelled with |Xy and for each node t, aptq " tIu. It is trivial to observe that 188 X | ù A ô T ( A. The thesis follows immediately.
189
On the other hand, as shown below, ( does not validate the tertium non datur principle, and Proof. We show a simple procedure to associate an observational tree T K " xN, Ď, p, a, sy to K " xN, ď
202
, Vy.
203
step 1 choose a set of distinguishable propositional symbols PN " tp t : t P Nu s.t. P T X N " H and 204 build the Hilbert Space is H PNYP T .
205
step 2 define Ď as ď´1 (t Ď u ô u ď t); 206 step 3 Let aptq be the set of projectors O t " tP i 1 , . . . P i m u defined as:
H if t is a leaf tP i 1 , . . . P i m u s.t. @j P r1, ms.P i j is the projector in the subspace of registers β s.t. t˚xi j y P β and t˚xi j y Ď t, otherwise. Author Contributions: All authors contributed equally to this paper.
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